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Abstract. Using the soft-pion theorem and the assumption on the final-state interactions, we include the
contribution of the DK continuum into the QCD sum rules for the D;;(2317) meson. We find that this con-
tribution can significantly lower the mass and the decay constant of the Ds(0™) state. For the value of the
current quark mass mc(me) = 1.286 GeV, we obtain the mass of Ds(0") M = 2.33+0.02 GéV in the interval
s0=17.5-8.0 GeV2, being in agreement with the experimental data, and the vector current decay constant of
Ds(0+) fo =0.128+0.013 GeV, much lower than those obtained in the previous literature.

PACS. 12.39.Hg; 13.25.Hw; 13.25.Ft; 12.38 Lg

1 Introduction

In 2003 the BaBar Collaboration discovered a positive-
parity scalar charm strange meson D;;(2317) with a very
narrow width [1], which was confirmed by CLEO [2] later.
In the same experiment CLEO also observed the 1+ part-
ner state at 2460 MeV [2]. Since these two states lie below
the DK and D*K threshold, respectively, the potentially
dominant s-wave decay modes D;;(2317) — DK etc., are
kinematically forbidden. Thus the radiative decays and
isospin-violating strong decays become the dominant de-
cay modes. Therefore both of them are very narrow.

The discovery of these two states has triggered a heated
discussion on their nature in literature. The key point is
to understand their low masses. The mass of D, ;(2317) is
significantly lower than the expected values in the range of
2.4-2.6 GeV within quark models [3—5]. The model using
the heavy-quark mass expansion of the relativistic Bethe—
Salpeter equation predicted a lower value, 2.369 GeV [6],
which is still higher than the experimental data by about
50 MeV.

Based on experience with ag/ fo(980), van Beveren and
Rupp [7, 8] argued that the low mass of Dy ;(2317) could
arise from the mixing between the 07 ¢s state and the DK
continuum. In this way the lowest 0 state could be pushed
much lower than that expected from the quark models.

a e-mail: dyb@itp.ac.cn

b e-mail: xqli@itp.ac.cn

¢ e-mail: zhusl@phy.pku.edu.cn
d e-mail: yabingzuo@gucas.ac.cn

The mass of the Dy(0") state from the lattice QCD
calculation is also significantly larger than the experimen-
tally observed mass of D, (2317) [9-11]. It is also pointed
out in [9] that Ds;(2317) might receive a large component
of the DK continuum, which makes the lattice simulation
very difficult.

The difficulty with the ¢s interpretation leads many
authors to speculate that D, ;(2317) is a ¢gsq four-quark
state [12,13], or a strong D7 atom [14]. However, calcu-
lations based on the quark model show that the mass of
the four-quark state is much larger than that of the 0T
¢s state [15,16]. The radiative decay of D,;(2317) also
favors that it is a ¢s state [17]. Furthermore, there are
two 0T states in the four-quark system and one in the
two-quark system. Only one 07 state has been found be-
low the 2.86 GeV resonance in the experimental search by
BaBar [18], consistent with the s interpretation.

This problem has been treated with QCD sum rules
in the heavy-quark effective theory in [19]. The result-
ing Ds(0") mass is consistent with the experimental data
within large theoretical uncertainties. However, the central
value is still larger than the data by 90 MeV. An even larger
result for the D,(0T) mass was obtained in earlier work
with the sum rule in full QCD [20]. It has been pointed out
in [19] that, in the formalism of QCD sum rules, the physics
of mixing with the DK continuum resides in the contribu-
tion of the DK continuum in the sum rule, and including
this characteristic contribution should render the mass of
D, (0") lower.

Recently, there have been two investigations on this
problem using sum rules in full QCD including O(«s) cor-
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rections. In [21] the value of the charm quark pole mass
M, =1.46 GeV is used, and the mass of the 0T &s state
is found to be 100—-200 MeV higher than the experimental
data. On the other hand, in [22] the current quark mass
m. = 1.15 GeV (corresponding to M, ~ 1.3 GeV to O(ay))
is used, and the central value of the resulting 0™ ¢s mass
is in agreement with the data. However, a low value of m,
is used and the same value of the continuum threshold (de-
noted by so below) is used for 0" ¢s and 0~ és.

On the other hand, the perturbative three-loop order
a? correction to the two-point correlation function with
one heavy and one massless quark has been calculat-
ed [23,24]. It turns out that in the pole mass scheme used
by many previous analyses including [21,22], the pertur-
bative expansion is far from converging. However, taking
the quark mass in the modified minimal subtraction (MS)
scheme [25], better convergence of the higher order correc-
tions is obtained, and thus a more reliable determination of
physical quantities of the lowest lying resonances becomes
feasible [26].

Usually the contribution of the two-particle continuum
is neglected within the QCD sum rule formalism. However,
because of the large s-wave coupling of D(017)DK [27, 28]
and the adjacency of the D4(07) mass to the DK thresh-
old, this contribution may not be neglected in the case con-
sidered. In the present work, we shall therefore calculate
this contribution and include it in the QCD sum rule. In
the meantime we take into account the perturbative three-
loop order a2 correction and work in the MS scheme. We
find that the DK continuum contribution indeed renders
both the mass and the decay constant of Ds(0™) signifi-
cantly lower.

In Sect. 2, we give a short overview of the traditional
QCD sum rule for the scalar charm-strange meson. Then
we derive the DK continuum contribution and write down
the full sum rule in Sect. 3. Finally, the numerical results
and our conclusions are presented in Sect. 4. Some relevant
formulas and expressions used in this paper are collected in
Appendices A—C.

2 The traditional QCD sum rule for the scalar
charm-strange meson

We consider the scalar correlation function
1) =i [ dee O G@I0)H 0. (1)

where the renormalization invariant operator j(z) is de-
fined as

j(@) = (me—ms) : 5(z)e(x) (2)

with m, and mg being the charm and strange quark current
mass, respectively. Up to a subtraction polynomial in p?,
the correlation function IT(p?) satisfies the following dis-
persion relation:

I(p?) = /0 % ds+subtractions.  (3)
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At the quark—gluon level, the spectral function p(s) is
calculable using renormalization group improved pertur-
bation theory in the framework of the operator product
expansion (OPE). Following Jamin and Lange [26], in this
paper we shall adopt the MS running quark mass scheme
rather than the pole mass one and take into account both
the O(a?) terms in the perturbation theory obtained in [23,
24] and the corrections from the light quark mass up to
order m?. In addition, we have included the contribution
from the four-quark condensation, which affects the final
result for Ds(0") mass only by a few MeV. For convenience,
all the relevant expressions for p(s) at the quark—gluon
level, denoted by pqcp(s), are summarized in Appendix A.
On the other hand, p(s) can be phenomenologically writ-
ten in terms of contributions from intermediate hadronic
states. Generally, the spectral density at the hadronic level,
denoted by pm, is taken to be the pole term of the low-
est lying hadronic state plus the continuum starting from
some threshold, with the latter identified with the QCD
continuum,

pult) = fEM*5(t — M?*) 4+ QCD continuum x (¢t — s)
T
(4)

where fg is the vector current decay constant of the 0% &s
particle, analogous to fr = 131 MeV. M is the mass of this
particle, and sg is the continuum threshold above which
the hadronic spectral density is modeled by that at the
quark—gluon level. The recent works [21,22] also use the
above ansatz.

After making the Borel transformation to suppress
the contribution of the higher excited states and invoking
quark—hadron duality, one arrives at the sum rule

/dtpHT(t) exp {—Mié} :/MO; dt'OQCTD(t) exp [—ML%] :
(5)

Following [26], the lower limit of the integration in the
above equation is taken to be the charm quark pole mass
M., which can be expressed in terms of the running mass
me(im) through the perturbative three-loop relation as
defined in Appendix B.

3 The contribution of the DK continuum

The contribution of two-particle continuum to the spectral
density can safely be neglected in many cases, as usually
is done in the traditional QCD sum rule analysis. One
typical example is the p meson sum rule, where the two
pion continuum is of p-wave nature. Its contribution to
the spectral density is tiny and the p pole contribution
dominates.

However, there may be an exception when the 0T par-
ticle couples strongly to the two-particle continuum via the
s-wave. In such a case, there is no threshold suppression
and the two-particle continuum contribution may be more
significant. The strong coupling of the 0% particle with
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the two-particle state and the adjacency of the 0™ mass
to the DK continuum threshold result in a large coupling
channel effect, which corresponds to the configuration of
mixing in the formalism of quark model. In the problem
under consideration, the mass of D;;(2317) is only about
45 MeV below the DK threshold, and the s-wave coupling
of Ds(07)DK is found to be very large [27, 28]. Therefore,
one may have to take into account the DK continuum con-
tribution carefully.

The importance of the Dm continuum contribution in
the sum rule for the D(0T) meson was first emphasized
in [29], based on duality considerations in the case in which
the D(0") mass is higher than the D threshold. Based
on the soft-pion theorem, two of us also made a crude
analysis of the Bw continuum contribution in the case
in which the 0 particle mass is higher than the thresh-
old [28]. In this work, we calculate the continuum contri-
bution more carefully in the case in which the 0" particle
mass is lower and very close to the two-particle continuum
threshold.

Let F'(t) be the form-factor defined by

F(t) = (0[e(0)s(0)|DK) . (6)

From the large s-wave coupling of Ds(0T)DK and the ad-
jacency of the D4(07) mass to the DK threshold, one ex-
pects that in the low energy region F(t) is dominated by
the product of a factor of the Ds(0") pole and a factor
from the final-state interactions. In the low energy region
with (mp +mx)? <t < sy < 8GeV?, needed in our sum
rule, the effect of inelastic DK scattering is suppressed by
the phase space. Therefore, we take the approximation of
considering only the DK scattering with only elastic in-
termediate states. It can be described by the D(0T)DK
interaction and the DDK K chiral interaction in the low
energy effective Lagrangian, which can be represented by
a series of bubble diagrams shown in Fig. 1.

The s-wave Born amplitude of DK scattering repre-
sented by the black circles in Fig. 1 contains three terms.

The first one is the ¢ channel pole term - with gg be-

M2 ’
ing the Ds(07)DK coupling constant and (}\40 being the
mass parameter normalized at the scale m2, in the effective
Lagrangian.

The second term corresponds to the direct DDK K in-
teraction in the effective Lagrangian. Let p, k and p’, &’ be
the four-momentum of the D and K mesons in the initial
and final state respectively, and s = (p— k’)? = (p' — k)%. In
the chiral effective Lagrangian, the amplitudes for the pro-
cesses DY K% - DTYK° DK+ — DK+, and DTK? «
DOPK ™ in the low energy kg region of K meson needed in

Fig. 1. Heavy, light, and dotted lines represent Ds(07), D, and
K, respectively. The black circle represents the Born s-wave
amplitude of DK scattering, and the blank one the scalar cur-
rent
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the QCD sum rule are all equal to

1 +1
- dcosO
2/, T
L [2Vilho + k)~ 2hoky — K~ K7, (1)
2fK

in the center of mass system. Here k and k&’ should be sepa-
rately included in the integrals for two adjacent loops.

The third term of the s-wave Born amplitude arises
from the crossing s channel pole term

+1 2
9% 1 901, A-B
—iZy d cosf =i ZIn——— 8
5 ), dest e =gy ®
where
/ / 2 2 /
A=t —2Vt(ko + k) + 2kokgy +2m3 — MZ, B =2]k||K/|.

9)

For simplicity, we put the on-shell values of ko, k{, |k| and
|k’| into A and B in the above equations. The effect of this
approximation on our final results is expected to be small,
since the contribution of the s channel pole term is rela-
tively small. As a result, one finds that the s channel pole
term is an analytic function of ¢ with only a short cut, the
length of which is only 0.146 GeV? for experimental values
of the corresponding masses. Therefore, it can be well ap-

proximated by a pole form —i--20 where

t—tg’

2

2
1 m% —m
to = = 2m%+2m%—M§+M y (10)
2 Mg
2 2 2 (m}H-m¥)?
c= (m2 7m2 )2 0 . (11)
~—D__ K’ n K+ tp—2m% — 2m?%

With the above results for the three terms of the s-wave
Born amplitude, we can now evaluate the sum of the series
of the bubble diagrams shown in Fig. 1. Let f,(¢) be the
partial sum of the series of loop diagrams in Fig. 1, with the
loop number less than or equal to n. It can then be written

in the form
0 = 5 { [t - 1) 27 (8 2
(12

2(\/E_k6)fnl_fn2}v

Cgo

where k{ and %’ is the energy and momentum of the final-
state K meson, and the three unknown functions f,; (i =
0, 1,2) correspond to the diagrams with a factor 1, ko, and
k? respectively at the last vertex, which contributes to the
integration over the last loop of each diagram.

Let the X;(¢t) be integrals defined by (C.1)—(C.6), which
appear as the loop integrals of the individual loop diagrams
shown in Fig. 1. They can be evaluated using dimensional
regularization [30], with the corresponding analytic results
given in (C.1)—(C.6). A recurrence relation can be writ-
ten between f,(t) and f(,,41)(t), and hence between fy;(t)



252

and f(,,+1:(t), the coefficients of which are linear combina-
tions of the loop-integral functions X;(¢). Taking the limit
limy, o0 fri(t) = fi(t), lim, 00 fn(t) = f(t), and separat-
ing out terms with the factor 1, k) and k2, we can obtain
a system of three linear equations for the three unknown
functions f;(¢):

2f154+ foXs — 2[f1(25s + X3) +2fo Z4]V/t
+4(f1Z1 + foXa)t+4f g5 (9050 — fo (MG + g5 %0 —t)]

c 1
| el
+ 2f?{{go(1 —2fog0) (2Z1Vt — L)

3 1
+2f1[g 51— (MG + g5 o) VE+t2] p——
t— Mg
1 c
e =2Vt + 222 50| —— + —— ) —2f2
+f2[ 3 W27 g5 0<t—M§+t—t0> fi

2eg¢ [ 121+ foXs — (f1X0+2foX1)V1]
t—to

Cc
+4Cf0f?(96120 |:(t_t0)2 +

+2f%

1
e

2 D1+ foZa— [f2Z0 + fo(25s + Z3)|Vt
+2f1 (= [k + T2 —2Z1Vt+ Sot)
(1= fogo) X1+ [ foM§ — go(1— fogo) Zo] Vi fot?

+2r2% T
+2f021t+2f§{cf°gg(fi;)20ﬂ) ~0, (14)
2/151 + fo [23—221\/¥+2f?(9320(j+ t_cto)
—2f§(]+20<f2—t2{%\3%—2f1\/g) =0, (15)

from which the analytic forms for f;(¢) can then be de-
duced. The results are shown in (C.9)—(C.12).

Finally, with the explicit expressions for f;(t) and X;(t)
given in Appendix C, and putting the on-shell value of &’
to (12), we obtain

— 1 9
F(t):t_ﬁg_ﬂ{[(t_mD)

2 2 t+m?2 —m?
_9¢2 90 €90 D K r _
fK(t_Mg+t_t0 f0+ \/i fl f2
A
- - @ 1
t—MZ—At)’ (16)

where A(t) is given by (C.13).

Similarly, with the same series of DK loops included,
the full propagator of the D,(07) meson is related to the
function fo(¢) through

Prop(t) = ;[1 —gofo(t)] .-

- 17
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Using the solution for fo(¢) obtained above and given
by (C.9), it can be further rewritten as

1

P =

(18)

with A;(¢t) given by (C.14).

We have chosen the scale p so that the mass parameter
My is the physical mass of Ds(0") in our approximation,
i.e., A;(M@) = 0. The bare coupling constant gy is related
to the physical coupling constant g by g = go/v/Z, where

7= [t — Mg — 2(1)]

Tt (19)

t=M2 "’
is the on-shell wave function renormalization constant of
the Ds(0™) meson.

In order to fix the unknown constant A in F(t) given
by (16), we apply the soft-pion theorem

fpm?

F(mQD
to the extrapolated value of the matrix element
(0/¢(0)s(0)| DK) at t = m%, from which we can deduce the
constant:

fom?,

= Frclmetmy) [Mp — Mg — A(mp)] -

(21)
With all the above equipments, the DK continuum

contribution to the hadronic spectral function can then be
written as

po(t) = g1 - (e fy o —ma®
x (me—m)?|F(t)20(Vt—mp —mx)0(so — t) .
(22)

In the above calculations we have neglected the contri-
bution of the Dyn channel. The threshold of this channel
is at t = 6.329 GeV?2. Our formula for the contribution of
the two-particle term is proportional to (t — Mg)~2. The
lower part of the integration in ¢ is more important. At the
thresholds of the two channels the factor (t — MZ)~2 for the
DK channel is about 18 times larger than that for the Dsn
channel. Therefore, the effect of the latter is expected to be
small.

4 Numerical results and discussions

In our numerical analysis, we use the recent result for the ¢
quark current mass me(m.) = 1.286 GeV [31]. Other input
parameters are the following (assuming the isospin symme-
try): as(mz) = 0.1189 [32], m,(2 GeV) = 96.10 MeV [33],
my(2GeV) = m,(2GeV)/24.4 [33], (3s) = 0.8 x
(—0.243)3 GeV? [22], (3¢50 -Gs) = 0.8 GeV? x (35) [22],
(asG?) = 0.06 GeV* [22], in the four-quark condensation
term (A.15) o =3, mp = “LED0 — 1866.9 MeV [34],
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my = TEETTRO — 495,66 MeV [34], fp = 222.6 MeV [34]
and fr = 159.8 MeV [34].

The renormalized coupling constant g was determined
to be in the interval g = 5.1-7.5 GeV in [27,28]. Inclusion
of the contribution of the DK continuum in the sum rule
analysis of the scalar current channel will lower the g value.
Since the uncertainty is large, we have not calculated this
correction and simply allow the renormalized g to vary in
the region g = 4.0-7.0 GeV.

A resonance of the D system with the natural parity has
been observed experimentally at ¢ = 8.18 GeV? [18]. If it is
an excited state of Ds(0"), we should restrict ourselves to
so smaller than and close to 8.0 GeV?2. We shall first consider
this case and then discuss the case that this resonance is not
a 0T state. The convergence of the OPE series and domi-
nance of the sum by the pole and the DK continuum terms
over the QCD continuum beyond sy constrain the Borel
mass Mg in a region depending on the parameters m.(m.)
and sg. Taking m. = 1.286 GeV, M3 € [0.99,2.68] GeV?
for so = 8.0GeV?, and M3 € [0.99,2.41] GeV? for sp =
7.5 GeV2. As mentioned in [26, 35, 36], the convergence of
the perturbative expansion of the two-point correlation
function, when written in terms of the pole quark mass, is
rather poor, the order a5 and o2 loop contributions being of
similar size with, or even larger than, the leading term, while
the expansion in terms of the MS running mass converges
much faster. However, it should be noted that, even in the
MS running mass scheme, the convergence of the asymp-
totic series in the Ds meson system is worse than the one
found in the B, meson system. For Ds(0") the first order
correction amounts to about 53% and the second order cor-
rection to about 47% of the leading term using the values of
our input parameters and sy = 8.0 GeV2. The same observa-
tion has also been made in [35].

We first move the DK continuum contribution to the
right hand side of the sum rule. Then we obtain the curve of
M with respect to Mp by taking the derivative of the loga-
rithm of both sides of the sum rule as usually done. Since
this curve depends on the unknown parameters My, we
have to do it self-consistently by requiring that the M value
determined by the sum rule for the input “trial” value of
My lies in the middle of the stability window and roughly
equals My. For reliability of the results we also require that
the ratio of DK contribution to the whole sum rule is not
larger than about 60%.

With the input m.(m.) = 1.286 GeV, we present the
variation of M with ME for so =8.0GeV? and sg =
7.5 GeV? in Figs. 2 and 3, respectively. For comparison,
we also show the case without the DK continuum con-
tribution with the same set of input parameters. It can
be seen clearly from the two figures that the inclusion of
the DK continuum contribution can lower the M value
by 60-40 MeV. The DK continuum contributes around
45% to 60% of the right hand side of the final sum rule
for s9 = 8.0 GeV? as shown in Fig. 4. Another interesting
point concerns the vector current decay constant fy of the
D;(0") meson. We find that the inclusion of the DK con-
tinuum contribution lowers the decay constant fy from
about 0.185 GeV to 0.115-0.132 GeV for the same sq value
as can be seen from Fig. 5.
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Fig. 2. The variation of M with M3 when so = 8.0 GéV2. The
solid, dashdotted, and dashed curves are for the case without
the DK continuum contribution, g = 4.0 GeV, and g = 7.0 GeV,
respectively
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Fig. 3. The variation of M with M3 when s = 7.5 GéV2. The
other captions are the same as in Fig. 2
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Fig. 4. The ratio of the DK continuum contribution as a func-
tion of M3 with sg = 8.0 GeVZ. The solid and dashed curves are
for g =4.0 GeV, and g = 7.0 GeV, respectively

For me(m.) = 1.286 GeV and sq = 7.5-8.0 GeV?2, we
found M =2.331+0.016 GeV, in agreement with the ex-
perimental data 2317.8 £ 0.6 MeV [34]. For the same value
of input parameters, we found fy =0.1284+0.013GeV,
which is, however, significantly lower than the ones ob-
tained in the previous literature. Here we have not included
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fo [Gev}
o
=
[y

Fig. 5. The vector current decay constant fy as a function of

M]% with sg = 8.0 GeV2. The other captions are the same as in
Fig. 2

Fig. 6. The variation of M with Mé when g =7 GeV?2. The
solid, dashdotted, dashed and dotted curves are for the case
so =8.5,8.0, 7.5, and 7.0 Gev? respectively

the errors due to uncertainties in the QCD sum rule ex-
cept those from the variation of the results in the stability
window and the sg interval, since our main interest is the
central value of the results. The previous results already
showed that the D4(07) mass lies in the large uncertainty
interval of the QCD sum rule [21, 22].

Now we consider the case that the new resonance found
in [18] is not a 0% state. In this case the so value can only
be determined by a stability analysis. The results for the
mass M found for sg = 8.5, 8.0, 7.5, 7.0 GeV? for g = 7 GeV
and g =4 GeV are shown in Figs. 6 and 7, respectively. The
working region for sy = 8.5 GeV? and sg = 7.0 GeV? are
[0.99,2.96] GeV? and [0.99,2.13] GeV?, respectively. The
region of the sg value can be chosen by requiring the least
sensitivity of the results for the mass to the value of sg.
It is clear from these figures that this is the region be-
tween sg = 7.5 GeV? and sy = 8.0 GeV?, which is just the
region chosen above for the case of a 0% resonance at
t = 8.18 GeV2. Also the best stability with respect to Mg is
achieved at sq = 7.5 GeV2. Therefore, the results obtained
above are essentially unchanged.

The above results show that the contribution of the DK
continuum, which contains the physics of the coupled chan-
nel effect in the formalism of the QCD sum rule, is signifi-
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Mp,, (2317) [GeV]
[\
[y
(€3]
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23— e
1 1.5 2 2.5 3

Fig. 7. The variation of M with M% when g = 4 GeV2. The
solid, dashdotted, dashed and dotted curves are for the case
sg =8.5,8.0,7.5,and 7.0 GeV? respectively

cant and is partly the reason for the unexpected low mass
of the 0T &s state. Qur analysis also explains partly why the
extracted mass of the 0T s state from the quenched lat-
tice QCD simulation is higher than the experimental value
where the DK continuum contribution was not included.
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Appendix A: The spectral function pqcp(s)
at the quark—gluon level

In this appendix, all the relevant expressions for the spec-
tral function p(s) are given. For further details, we refer the
readers to [26] and references therein.

A.1 The perturbative spectral function

In perturbation theory, the spectral function pqcop(s) has
an expansion in powers of the strong coupling constant

pacn(s) = p© (s) +pM (s)a(pa) + p® (s)a(ma)* +. .. ,
(A1

with a(pa) = as(ita) /7. The leading order term p(®) (s) re-
sults from a calculation of the bare quark—antiquark loop
and is given by

Ne

2
PO (s) = (me+mg)?s| 1— me ,
82 s

(A.2)

and, up to order m?, the corrections in small mass m; can
be found in [37]:

N,
0 _ 1t¥e 2 2
pv(n)(s)— 8 2(mc—|—ms) {2(1 T)mems — 2m;

(1+z) mem?

5 (1-2z—2%)m?
(1—-z) s

2 (1—z)2 s

b
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where = m? /s, and the appearing quark masses corres-
pond to the running masses in the MS scheme with m..(gm, )
and ms(um ) evaluated at the scale pi,.

The order oy correction p(!)(s) can be written as

pM(s) = 622 C’F(mc+ms) s(1—x) {(1—:1:)

X [4La(z) +2InzIn(l —z) — (5 —22) In(1 — z)]

+(1-22)(3—2)Inz+3(1—3z)In 2

c

(17— 33x)} , (A.4)

l\DIr—\

where Lo(z) is the dilogarithmic function. The order «j
mass corrections to the spectral function can be obtained
by expanding the results given by [38,39] up to order m?,
after the higher dimensional operators have been expressed
in terms of non-normal ordered condensates:

Ne
P (s) = ~——5Cr(m. +ms)2mcms{(1 — )

8m
X [4L2(z)+2InzIn(l —z) —2(4 — z) In(1 — )]

2
+2(3—5x+x2)lnx+3(2—3x)1nM

c

—|—2(7—9:r)}, (A.5)

1)

PUL () = — 2 Cip(me + m)m?

S

- 8n2
{1 x)[4La(z)+2InzIn(1 — z)]

—24x)4—2)In(1 —2x)+

+(8— 3x)}

+ (6422 —2%)Inx

(A.6)

(9 + 8z — 9z2)
(1-=)?

(6 +7x — 222)
(1-x)

4Ls(x)+2Inxn(l —x)+

|
X
N A 0

T+ 7z —227)
(1-x)

2 2
(2 w)lnum ’
(1—z)2 " m2

4
(me +m8)2%{2L2(x) +Inzin(l—=z)

(13 — 242 — 2722 + 223)
2(1—x)?

(12 — 222 — 2722 + 223)
2(1—x)?

(4—12z+22+323)  p,

1
21— )3 Y m2

(6 — 64z + 1522+ 1123)
4(1—z)3 '

In(l—z)+2 Inz

(A7)

In(1—z)

nr

+3

(A.8)

The three-loop, order a2 correction p(?) (s) has been cal-
culated by Chetyrkin and Steinhauser [23,24] for the case
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of one heavy and one massless quark. In the present an-
alysis, we shall make use of the program Rvs.m, which
contains the required expressions for p(?)(s) [23,24]. How-
ever, since the spectral function has been calculated only
in the pole mass scheme, following Jamin and Lange [26],
in the MS scheme we still have to add to p(®(s) the con-
tributions resulting from rewriting the pole mass in terms
of the MS mass. The two contributions A;p(?) and Ayp(?),
which arise from the leading and first order contributions,
respectively, are given by

A1p?(s) = éVQ (e +ms)2s[(3— 202+ 2122)r(D’
_2(1_33)(1 3z)r?], (A.9)
A2p®) (s) = (me 4 my)?sr()
{ 2)(1—3z)[4Ls(x) +2Inz In(1 — z)]
—(1—2)(7T—212+82%) In(1—z)
+(3—222+292%— 82%) Inx
+%( —z)(15 — 31x)} (A.10)

where explicit expressions for the coeflicients rg) and rﬁs)

can be found in Appendix B.

A.2 The condensate contributions

In the following, we summarize the contributions to the
spectral function pgcp(s) coming from higher dimensional
operators, which arise in the framework of the OPE and
parameterize the appearance of non-perturbative physics.
Since the spectral functions corresponding to the con-
densates contain d-distribution contributions, we shall di-
rectly present the Borel transformed integrated quantity
wll(u) = Jo° e */"pqep(s)ds below, where u = M2 with
Mp being the Borel mass.

The leading order expression for the dimension-three
quark condensate is well known, with the explicit form
given by

uﬂég) (u) =—

(A.11)

where the expansion up to order m? has been included [37].
The first order correction to the quark condensate can be
deduced based on the fact that the mass logarithms must
cancel once the quark condensate is expressed in terms of
the non-normal ordered condensate [37,40-42] with

~ 3 2
uﬂ,g) (u) = icFa(mc + ms)2m6<_Q> {F <0» W;f)

2 2
g (1o ) (1 B A | emm2ra
u m2 3
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where I'(n, z) is the incomplete I'-function.

The next contribution in the OPE is the dimension-four
gluon condensate with the corresponding expression given
by

0 1 —m2/u
H}F),() 12(mc—|—ms) (aFF)e c/u

(A.13)

The dimension-five mixed quark—gluon condensate
should also be included, since it is enhanced by the heavy-
quark mass and hence still has some influence on the sum
rule. Again the result is well known:

)2mc<gs§70'Fq> (1 _ m_g>e—mz/u )

—(me+ms 2u 2u

ull§) (u) =
(A.14)

The last condensate contribution considered in this pa-
per is the four-quark condensate

2 4
7 — 8_7T _ me _ me Zo\2
“H(ss)2< u) = 05 (2 o0 6u2>as<ss> . (A.15)

where o is the factor representing the deviation from vac-
uum saturation. The contributions of all the other higher
dimensional operators are extremely small and thus have
been neglected.

Appendix B: Relationship between pole
and running MS quark mass

The relationship between pole and running MS quark mass
is given by [26]

M) = Mypote[1+ a(p1a) 5D (ptm)

+a(ﬂa)27‘£r%)(:uamum)+...] , (Bl)
where
Srmam G .
7”55) = 7”52,)0 —[re2+Mn —ﬁ1)7”£i)o] In m/(i;n )
+%(71 —B1) In” % - [71 +51In Z—m]rﬁ) :
(B.3)

The coefficients of the logarithms can be calculated from
the renormalization group [43], and the constant coeffi-

cients r(l and r,(,f,)o are found to be [44, 45]

rf,?o = —Cf, (B.4)
~ 0| 135 - 5@ Je@) +3c@)me]
+ CrTny L?,(l; + 14( )}
+CaCr [—% 50+ 53 - 5¢@)m 2}

+CRT E _ ;c(z)] , (B.5)
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with
1
b1 = 6[110A 4Tnf]
1
Br=15 [17C% —10C4Tns — 6CeTns]  (B.6)
and
3

Appendix C: Relevant expressions in the DK
continuum contribution

For convenience, in this appendix we collect some relevant
expressions used in Sect. 3 when discussing the DK con-
tinuum contribution. Firstly, we define the following loop-
integral functions ¥;(¢) (with t = ¢?)

[ d% 1
Z50(15):21/( 2m)* (k2 —m%) [(q— k)2 —m3)]
T8 Bo(t mb, mi) (C.1)
o d4k: ko
=2 / mic) [(a— k)2 —m3)]
m2 m2
:—@{H fo LBy (t,mp, mi)
+21ﬂ[140(m0) Ao(m%)]} (C-2)
[ d% ko
Zn(t) = 2i / (2m)* (k2 —my) [(g— k)? —m})]
_ #{W%(t,m%,m%)
HmiitmD[AO( D) — Ao (mi)]
+ %Ao (m%)} g (©3)
L[ d%%k k?
E3(t)_21/(27r) * (k2 —m¥ ) [(g— k)2 —m3)
- 812[mKBo(t mp,mi) +Ao(mp)],  (C4)
e d4k ksz
240 =2 [ ooy G =]
_ _#{t_k?n;{i\/_;%m%{Bo(t»mQD»mi)
5 i) A )+ V)
(C.5)
[ d% (k?)?
25(”‘21/ (2m)* (k2 —mi) [(q— k)2 —m)]
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1
=3 2[mKBo(t mD,m%()

+ (t+my +m3) Ao (m})] - (C.6)

Here we have taken into account two intermediate states
with different charges in (C.1)-(C.6). Ap(m?) and
Bo(t,m?,m3) is the usual one-loop scalar one- and two-
point function, respectively [46]

. [ d*k 1
tolmt) =i [ 3 Gy

2 2
=m2[<——7E—|—ln4ﬂ'> —|—1—lnm—2] ,
€ M

.7
[ ik 1
BO (tamimg) = _1/ ? (k2 _m%) [(q2 — k)2 —m%]

2
= (2w mte) et )
(C.8)

where € =4 — D in D-dimensional space time, p is the
renormalization scale introduced in dimensional regular-
ization, and the explicit form of the function Fy(t, m?, m3)
could be found in [47].

From the three linear equations for the three unknown
functions f;(t) given by (13)—(15), we can deduce explicit
expressions for the three unknown functions f;(t):

1

fot) = m‘lf?dm [Dofic + X1 — ZoXs](t—to), (C.9)
fi(t) = ﬁ%}%go 2515 — 153+ X0 X4
+2(2F — ZoXa) V] (t—to), (C.10)

f2(t) = %2&2{90{223]‘?{ + [221 24— X5(25, + )

+ X0 Z5 +2(Z1 X5 — Do Zy)VE] f + Zo X}
— 251 535, 4 X7 X5+ X9(X5 — ZoXs) }(t—to)
(C.11)
with

= {4(Zogs + Mg —t) i +4[(5F — 2o 22) g3
(D2 B - 220V (6 - M)
+ (M3 —t)[4tZ} — 42451 + X5 — 5055
+455(Z3 — Zot) — 4(21 55 — So 2V f
+ 283545, — Z5 X7 — Do K] — X2(X5 — X Xs) ]
x (Mg —1t) }(t—to)
—dcfkgd (Zof} + 57 -

With the above results, the functions A(t) and Aq(t)
can respectively be written as

ToXy) (Mg —t). (C.12)

At)
(st mh i) (B 1)
N 32fE 2t

Ag (sz)

(3t —m3 +mp) (Mg —t
32fEm2t
n c %gg(t—Mg) +

) o)

(figs — (¢ = Mg) (t—m})) (t —to)
256 f F-mtt(t —to)

X AO (mQD)Q
| kg (t—M§) + (ffgd — (t = Mg) (t —m¥%)) (t —to)
256 f £t (t —to)
x Ag (mK) - {20 90 (t — Mg)
+ (2f% g5+ (t— M3 (t+m3 +m¥)) (t—to) }
1
" 956 famit(t—to)
X A() (mQD) A() (m%)
(t—m] +mik) Ao(m) + (t—mk +mp,) Ao (mi)
a 81928 n6¢
x (t = Mg) Ao (m) Ao (mi)
2 t— M2
8902 Bo(t,mp, mi) — Cgfrg (t— t(?))
 (E=M3) ((m, — mK) +2(m, +mi )t —3t%)
32fE 2t

BO (ta m%)? m%{)

x Bo(t,m}, my)
(o e )
+ (208 — (= M) (t = m)) (1~ 0)
256 f £t (t —to)
x Ag (m%)Bo(t,m%,m%)
(o)) )
+(FR93— (= M) (t = m)) (¢ t0)
256 f £t (t —to)
x Ao (mi)Bo(t mZD,m%{)

(2 = (mh —mi)°) (t = M3)

81926 0t
x Ag(m$) Ao (m ) Bo (t,m%, m%) . (C.13)
Ai(t) = N(8)/D(t), (C.14)

N(t) = 32fxgom* (t —to) [Ao (m%)? + Ao(m])?]
—64fcg5m* (t —to) Ao () Ao (D)

—32fgam’ (t —to) [(mD — mi +1t) Ao (mD)
— (mb —mi —t) Ao(m¥)] Bo(t,mBb, mi)

— 1024 f g3 t(t — to) Bo (t, mp, m% ) ,
D(t) =256 fam(t —to) [ (3t — m3), +m3% ) Ag (m3)

+ (3t +mP —m¥k ) Ag(mk)]

+ (t—to) [(t— m} +m%) Ao (m3)

+ (t + m2D — m%)Ao (m%)] Ay (mQD)AO (m%)

+32fxm[2¢f 795 + (mD +mi +1) (t—to)]

x Ag(m¥) Ao (m¥k)

3227 {[ef2 g3 + (m — 1) (t —to)] Ao (m3)*

+ [efRgs + (mk —t) (t—to)] Ao (m%)2}

(C.15)
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+[(m3 —m¥%) — 3] (t —to)

x A (mQD)AO (m%)Bo (t, mp, m%)

+ 32f12(7r2{ (mQD —m3 —|—t)

x [effas+ (mp —t)(t—to)] Ao (mB)

— (mp —mk —t) [efigs + (mEk —t)(t —to)]

x Ay (m%() }Bo(t, m, m%)

+ 256f}1(7r4{4cf12<g(2)t + [(sz - m%()z

+2(m3 +mi )t — 3t (t —to) } Bo (t, m},, m¥%)

+8192f5 w0 (t —to) . (C.16)
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